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Definition 1 A Sudoku table /s an n x n ar-
ray partitioned into rectangular blocks of some
fixed size such that each of n symbols appear
exactly once in each row, each column, and
each block.

In the standard Sudoku puzzle, the array
IS 9 x 9, the blocks are 3 x 3 and the symbols
are the numbers 1 through 9.

Standard Example:

1 4 7|2 5 83 6 9
2 5 8|3 6 94 7 1
3 6 949 7 1,5 8 2
4 ¢ 1|5 8 2|6 9 3
5 8 216 9 3|7 1 4
6 9 3,7 1 4,8 2 b5
71 4,8 2 519 3 6
3 2 5/9 3 6|1 4 7
9 3 6|1 4 7|2 5 8

Definition 2 A Cayley table is an operation
table for a finite group.



Definition 3 A Cayley-Sudoku table is a Cay-
ley table which is also a Sudoku table (exclud-
ing the group elements that label rows and
columns in the Cayley table).

Example 1 A Cayley-Sudoku Table for Zg, with
row and column labels shown for clarity.

NGO ANWNRKRO

NGO AN WNRKRQJQ|IO
N=O0ONOO NWW
O RN QNROQWNINND
QW NSO OGO RAWNRKR|R
WNROWNDO AN
DO RWN RO NN
N Q WO NS O WNIN
A QWNROOND OO
NO O WN= O ||




Example 2 A Cayley-Sudoku table for Ay

To save space, rename elements of Ay

1:=1 (123):=5 (132):=9
(12)(34):= 2 (243):= 6 (143):= 10
(13)(24):= 3 (142):=7 (234):= 11
(14)(23):= 4 (134):=8 (124):= 12
Asll1 5 9] 2 6 10/ 3 7 11| 4 8 12
11 5 9]2 6 103 7 11] 4 8 12
212 8 111 7 12/4 6 9|3 5 10
3|13 6 12/4 5 11|1 8 10/ 2 7 9
414 7 10/ 3 8 9|2 5 12/1 6 11
5|5 9 1|6 10 2|7 11 3|8 12 4
8|8 11 2|7 12 1|/6 9 4|5 10 3
6 6 12 3 5 11 4 8 10 1 7 9 2
717 10 4|8 9 3|5 12 2|6 11 1
9 9 1 5 110 2 6 |11 3 7 |12 4 8
1111 2 8|12 1 7|9 4 61|10 3 5
12112 3 6|11 4 51|10 1 8|9 2 7
10110 4 7|9 3 81|12 2 5|11 1 &6




How are those examples constructed?

Study the layout of the Cayley tables.



Example 1 Revisited

Consider the subgroup H :=< 3 >= {0, 3,6}.
Its cosets are
H+0=1{0,3,6} =04+ H = H,
H+1={1,4,7} =14 H, and
H+2={258=2+H.

The sets
T, = {0,1,2}, Ty = {3,4,5}, T3 L= {6,7,8}
partition Zg into complete sets of left coset
representatives (AKA left transversals).

Ii Hi—l Hi—2

Zo|0O 3 6|1 4 7|2 5 8
00 3 6|1 4 7|2 5 8
T 1|1 4 7|2 5 8/3 6 0
2|2 5 8|3 6 04 7 1
3|3 6 0/4 7 1|5 8 2
> 4|4 7 1/5 8 2|6 0 3
5|5 8 2|6 0 3|7 1 4
6 |6 0 3|7 1L 4|8 2 5
Ts 7 |7 1 4|8 2 5/0 3 6
8|8 2 5|0 3 6[1 47
6



Example 2 Revisited

Consider the subgroup H =< (123) >=
{1,(123),(132)} = {1,5,9}. Its cosets are

Hl1=H = {1,5,9} 1H = H ={1,5,9}
H(12)(34) = {2,6,10} (12)(34)H = {2,8,11}
H(13)(24) = {3,7,11} (13)(24)H = {3,6,12}
H(14)(23) = {4,8,12} (14)(23)H = {4,7,10}

The sets
Ty = {1,2,3,4}, T> = {5,8,6,7},
T3 :={9,11,12,10} partition A4 into complete
sets of left coset representatives.

H H(12)(34) H(13)(24) H(14)(23)
- - ™~ r - ™~ o N——
Ag || 1 5 9 | 2 6 10 | 3 7 11 | 4 8 12 |
11 1 1 5 9 2 6 10 3 7 11 4 8 12
2 2 8 11 1 7 12 4 6 9 3 5 10
3 3 6 12 4 5 11 1 8 10 2 7 9
4 4 7 10 3 8 9 2 5 12 1 §) 11
1> 5 5 9 1 6 10 2 7 11 3 8 12 4
8 8 11 2 7 12 1 6 9 4 5 10 3
6 6 12 3 5 11 4 8 10 1 7 9 2
4 7 10 4 8 9 3 5 12 2 §) 11 1
13 9 9 1 5 10 2 §) 11 3 4 12 4 8
11 11 2 8 12 1 7 9 4 6 10 3 5
12 12 3 6 11 4 5 10 1 8 9 2 7
10 10 4 7 9 3 8 12 2 5 11 1 6

~



Theorem 1 (K. Schloeman) For any finite group
G and any subgroup H of G, let the distinct
right cosets of H in G be H = Hg1, Hg>, ...,

Hgm and let 14, 1, ..., Iy be any partition of
G into complete sets of left coset representa-
tives of H in GG. Labeling the rows and columns
of a Cayley table for G as follows will give a
Cayley-Sudoku table for G.

H | Hgy|---| Hgm




Theorem 1 (continued) Also, if the distinct
left cosets of H in G are H = ¢g1H, ¢g5H, ...,
g H and Ry, Ro, ..., Ry is any partition of
G into complete sets of right coset represen-
tatives of H in G, then the following is also a
Cayley-Sudoku table for G.

Ri | R |- | R,

H
goH

g




Example 2 Re-revisited

=1 (123):= 5 (132):= 9
(12)(34):= 2 (243):= 6 (143):= 10
(13)(24):= 3 (142):=7 (234):= 11
(14)(23):= 4 (134):=8 (124):= 12

Reminder

Let H :={1,(12)(34),(13)(24),(14)(23)} =
{1,2,3,4}, the Klein 4-group, normal in Ajy.
The other cosets are
(123)H =5H = {5,8,6,7} = H5 and
(132)H =9H = {9,11,12,10} = HO.

The sets Ry, Ro, R3, R4 are easily seen to
be complete sets of right coset representatives.

Ry Ry Rs Ry

-~ % ~ —— —— ——

Az || 1 5 9 | 2 6 10 | 3 I 11 | 4 8 12 |
H1 1 5 9 2 6 10 | 3 I 11 4 8 12
2 2 8 11 1 7 12 | 4 6 9 3 5 10
3 3 6 12 | 4 5 11 1 8 10 | 2 7 9
4 4 7 10 | 3 8 9 2 5 12 1 6 11
5H 5 5 9 1 6 10 2 7 11 3 8 12 4
8 8 11 2 7 12 1 6 9 4 5 10 3
6 6 12 3 5 11 4 8 10 1 7 9 2
7 7 10 4 8 9 3 5 12 2 6 11 1
9H 9 9 1 5 10 2 6 11 3 7 12 4 8
11 11 2 8 12 1 7 9 4 6 10 3 5
12 | 12 3 6 11 4 5 10 1 8 9 2 7
10 || 10 4 I 9 3 8 12 2 5 11 1 6

Y
o



Theorem 2 (J. Carmichael & M. Ward) For
groups of order 9, Keith’s Theorem 1 produces
all possible Cayley-Sudoku tables.
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Theorem 3 (Christmas Eve) Suppose H =
{1 =h1,h2,...,hn} andKz{l Zkl,kz,...,km}
are subgroups of a finite group G such that
G = KH := {k;h; : k; € K and h; € H} and
KNH =1. Labeling the rows and columns
of a Cayley table for G as follows will give a
Cayley-Sudoku table for G.

H| koH | | kmH

Kho

Khp
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Example 3 A Cayley-Sudoku table for S5 not
of the type produced by Theorem 1

Extend the numbering introduced earlier
for A4 to a numbering of elements of S, by
defining (12)¢ := ¢+ 12 for permutation num-
ber £ in Agy.

Let H :=< (123) >= {1,5,9}, a Sylow 3-
subgroup of S4, and
K =< (13),(1234) >={1,2,3,4,17,18,19, 20},
a Sylow 2-subgroup of 9;,.

It is easy to check that S, = KH and
KNH = 1. Therefore, by Theorem. 3, the
following is a Cayley-Sudoku table of S54. By
inspection, we see it is not of the type pro-
duced by Theorem. 1.
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4 2 4 o
Sa || 1 5 9 2 8 11 | 3 6 12 | 4 I 10
K 1 1 5 9 2 8 11 3 6 12 4 7 10
2 2 8 11 1 5 9 4 4 10 3 6 12
3 3 6 12 4 7 10 1 5 9 2 8 11
4 4 7 10 3 6 12 2 8 11 1 5 9
17 17 21 13 |18 24 15| 19 22 16 | 20 23 14
18 18 24 15|17 21 13 |20 23 14 |19 22 16 | :
19 19 22 16 |20 23 14 | 17r 21 13 |18 24 15 | .
20| 20 23 14 |19 22 16 | 18 24 15| 17 21 13 |
K5 5 5 9 1 6 12 3 7 10 4 8 11 2 :
8 8 11 2 4 10 4 6 12 3 5 9 1 :
6 6 12 3 5 9 1 8 11 2 4 10 4 :
7 ’ 10 4 8 11 2 5 9 1 6 12 3 :
21 21 13 17 | 22 16 19 | 23 14 20| 24 15 18
24 | 24 15 18 | 23 14 20|22 16 19 |21 13 17
22 || 22 16 19 | 21 13 17 |24 15 18 | 23 14 20
23 || 23 14 20|24 15 18 |21 13 17 | 22 16 19
K9 9 9 1 5 10 4 4 11 2 8 12 3 6 Z
11 11 2 8 12 3 6 9 1 5 10 4 4 :
12 12 3 6 11 2 8 10 4 7 9 1 5 '
10 || 10 4 7 9 1 5 12 3 6 11 2 8
13 |13 17 21 |14 20 23|15 18 24 |16 19 22
15 15 18 24 |16 19 22|13 17 21 | 14 20 23
16 16 19 22|15 18 24 |14 20 23 |13 17 21
14 14 20 23|13 17 21 |16 19 22 | 15 18 24
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Open Questions

e Are there ways to build Cayley-Sudoku ta-
bles without using cosets/coset represen-
tatives?

e If 2 column [row] of blocks is labeled by
elements of a subgroup, must the other
columns [rows] of blocks be labeled by cosets
of that subgroup?

o If A= {1 =a1,a2,...,an} and
B = {1 = bq,bp,...,b;m} are subsets of a
finite group G such that the following table
contains each element of G exactly once,
must either A or B be a subgroup of G?

1bo| ] bm

a
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NEWS FLASH 19 JANUARY 2007

Keith Schloeman has now answered all
the open questions on the previous slide. The
answers are, respectively, "yes’, “no’” and “no”.
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