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For Convex Polyhedra

Theorem (Euler’s Formula)
The number of vertices V , faces F , and edges E in a convex
3-dimensional polyhedron, satisfy V + F − E = 2.

Example: For a cube V = 8, F = 6, E = 12, so 8 + 6 − 12 = 2
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Euler’s Formula

Theorem (Euler’s Formula)
The number of vertices V , faces F , and edges E in a convex
3-dimensional polyhedron, satisfy V + F − E = 2.

This simple and beautiful result has led to deep work in topology,
algebraic topology and theory of surfaces in the 19th and 20th
centuries.

It also has great significance in graph theory, computational geometry,
and other parts of mathematics.
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For Graph Theory

Theorem (Euler’s Formula)
If a finite, connected, planar graph is drawn in the plane without any
edge intersections, and v is the number of vertices, e is the number of
edges and f is the number of faces (regions bounded by edges,
including the outer, infinitely large region), then v + f − e = 2.

For example, v = 20, f = 12, e = 30, so 20 + 12 − 30 = 2
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Leonard Euler (1707-1783)

Euler was the first person to
notice ‘his formula’ for 3-D
polyhedra.
He mentioned it in a letter to
Christian Goldback in 1750.
He then published two
papers about it and
‘attempted’ a proof of the
formula by decomposing a
polyhedron into smaller
pieces.
His proof was incorrect.
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Leonard Euler (1707-1783)

The first correct proof was
given by a French
mathematician Adrian Marie
Legendre (1752-1833) using
metrical methods.
Although Euler is the ‘father’
of graph theory, he did not
make the connection to
graph theory.
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Augustin Louis Cauchy
(1789-1857)

Cauchy seems to be the first
person who noticed that a
convex polyhedron has a
planar graph representation.
He gave an proof in 1811
using a graph theory
techniques.
Now there are at least 17
different proofs of Euler’s
Formula.
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Constructing a graph from a polyhedron

() Euler’s Formula 9 / 23



Constructing a graph from a polyhedron
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Constructing a graph from a polyhedron
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When does a planar graph correspond to a convex
3-dimensional polyhedron?

The graph below is 3‑valent and has faces which are at least three‑sided. Can you convince yourself that it
does not correspond to any convex 3‑dimensional polyhedron, but that there is a non‑convex 3‑
dimensional polyhedron which does have this as its edge‑vertex graph? The polyhedron, when you find it,
has four triangular faces and two hexagonal faces!

In a rather curious situation, the solution to this problem, finding conditions on a graph that it be
isomorphic to (have the same structure as) the vertex‑edge graph of a convex 3‑dimensional polyhedron,
was completely answered in the early part of the 20th century. This work was done by the great German
geometer and algebraist Ernst Steinitz (1871‑1928). 

Steinitzʹs work was published in German and, unfortunately, did not become widely known for quite
some time. The catalyst for the reformulation of what Steinitz had done was the ʺtranslationʺ of his work
into modern graph theory terminology. This was done by the distinguished geometer Branko Grünbaum. 

Grünbaum became interested in polyhedra during his graduate studies in Israel and was focused by work
he did with Theodore Motzkin (1908‑1970) on the combinatorial structure of polyhedra.

Steinitzʹs Theorem (as reformulated by Branko Grünbaum):

A graph G is isomorphic to the vertex‑edge graph of a 3‑dimensional polyhedron (i.e. G is 3‑polytopal) if
and only if G is planar and 3‑connected.

The property of being 3‑connected requires that for any pair of vertices u and v of the graph, there are at
least three paths between u and v whose only vertices in common are u and v. The diagram below offers a
ʺschematicʺ view of what such paths might look like for two typical vertices in a graph. (The diagram
omits other edges that might be present at the dots shown.)

The graph below is 3‑valent and has faces which are at least three‑sided. Can you convince yourself that it
does not correspond to any convex 3‑dimensional polyhedron, but that there is a non‑convex 3‑
dimensional polyhedron which does have this as its edge‑vertex graph? The polyhedron, when you find it,
has four triangular faces and two hexagonal faces!
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was completely answered in the early part of the 20th century. This work was done by the great German
geometer and algebraist Ernst Steinitz (1871‑1928). 

Steinitzʹs work was published in German and, unfortunately, did not become widely known for quite
some time. The catalyst for the reformulation of what Steinitz had done was the ʺtranslationʺ of his work
into modern graph theory terminology. This was done by the distinguished geometer Branko Grünbaum. 

Grünbaum became interested in polyhedra during his graduate studies in Israel and was focused by work
he did with Theodore Motzkin (1908‑1970) on the combinatorial structure of polyhedra.

Steinitzʹs Theorem (as reformulated by Branko Grünbaum):

A graph G is isomorphic to the vertex‑edge graph of a 3‑dimensional polyhedron (i.e. G is 3‑polytopal) if
and only if G is planar and 3‑connected.

The property of being 3‑connected requires that for any pair of vertices u and v of the graph, there are at
least three paths between u and v whose only vertices in common are u and v. The diagram below offers a
ʺschematicʺ view of what such paths might look like for two typical vertices in a graph. (The diagram
omits other edges that might be present at the dots shown.)
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The graph below is 3‑valent and has faces which are at least three‑sided. Can you convince yourself that it
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dimensional polyhedron which does have this as its edge‑vertex graph? The polyhedron, when you find it,
has four triangular faces and two hexagonal faces!

In a rather curious situation, the solution to this problem, finding conditions on a graph that it be
isomorphic to (have the same structure as) the vertex‑edge graph of a convex 3‑dimensional polyhedron,
was completely answered in the early part of the 20th century. This work was done by the great German
geometer and algebraist Ernst Steinitz (1871‑1928). 

Steinitzʹs work was published in German and, unfortunately, did not become widely known for quite
some time. The catalyst for the reformulation of what Steinitz had done was the ʺtranslationʺ of his work
into modern graph theory terminology. This was done by the distinguished geometer Branko Grünbaum. 

Grünbaum became interested in polyhedra during his graduate studies in Israel and was focused by work
he did with Theodore Motzkin (1908‑1970) on the combinatorial structure of polyhedra.

Steinitzʹs Theorem (as reformulated by Branko Grünbaum):

A graph G is isomorphic to the vertex‑edge graph of a 3‑dimensional polyhedron (i.e. G is 3‑polytopal) if
and only if G is planar and 3‑connected.

The property of being 3‑connected requires that for any pair of vertices u and v of the graph, there are at
least three paths between u and v whose only vertices in common are u and v. The diagram below offers a
ʺschematicʺ view of what such paths might look like for two typical vertices in a graph. (The diagram
omits other edges that might be present at the dots shown.)

Ernst Steinitz (1871-1928)

He was a great German
geometer and algebraist.
He completely characterized
when a graph ‘has the same
structure’ as a convex
polyhedron in the early
1900s.
This theorem allows us to
study the theory of
3-dimensional convex
polyhedra by drawing
diagrams in 2 dimensions.
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Theorem (Steinitz’s Theorem)
A graph G is isomorphic to the vertex-edge graph of a 3-dimensional
polyhedron if and only if G is planar and 3-connected.

A graph G is 3-connected if for any pair of vertices u and v there are at
least three distinct paths between u and v .

omits other edges that might be present at the dots shown.)

Amazingly, Steinitzʹs Theorem enables one to study the combinatorial theory of 3‑dimensional convex
polyhedra by drawing diagrams in 2 dimensions! Whereas there were almost no mentions of what Steinitz
had done between the time when Steinitz published his original theorem and Grünbaumʹs reformulation,
after the reformulation there was a flood of new results. These appeared in areas involving Hamiltonian
circuits (a tour of the vertices, starting and ending at the same vertex, visiting each vertex once and only
once), coloring problems, and matchings (disjoint sets of edges). Perhaps the greatest progress concerned
existence theorems for 3‑dimensional convex polyhedra. Such questions now were reduced to
constructions of planar graphs. 

The study of Hamiltonian circuits was spurred by the graph theory version of Steinitzʹs Theorem.
Although William Tutte discovered n 1947 his famous example of a 3‑valent 3‑polytopal graph with 46
vertices which did not have a Hamiltonian circuit, work in this area took off after the appearance of
Grünbaumʹs important book Convex Polytopes, which appeared in 1967. Thus, David Barnette (and others)
found a 38‑vertex, 3‑valent, 3‑polytopal non‑Hamiltonian graph, and was led by his work to the still open
conjecture that planar 3‑valent 3‑connected bipartite graphs have a Hamiltonian circuit. Another milestone
in the theory of Hamiltonian circuits was Grinbergʹs amazing result, described below.

Let G be a plane graph with Hamiltonian circuit H, let pkʹ denote the number of k‑gonal faces of G which
are interior to the circuit H, and let pkʹʹ denote the number of k‑gonal faces of G which are exterior to the
circuit H. 

Figure 2
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Steinitz’s Theorem
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