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Abstract

The classical sampling theorem permits reconstruction of a bandlimited
function f from its values on a shifted lattice. This work considers sampling
sets, which are unions of possibly different shifted lattices, using the follow-
ing basic approach. Assume the Fourier transform of a function f vanishes
outside a set, K. Let K admit a disjoint decomposition K = KoU K; with
a corresponding decomposition of f, f(z) = fo(x) + P(z)f1(x), such that
the Fourier transform of f; vanishes outside K;, i = 0,1, and P is known.
Let My, M; be sampling sets such that f; can be reconstructed from its
samples on M; and P vanishes everywhere on M, but nowhere on Mj.
Then f can be reconstructed from its values on My U M;. Two methods
to construct such decompositions are given, subject to K satisfying cer-
tain compatibility conditions. It is demonstrated how the decompositions
can be used to construct sampling theorems or recursive reconstruction
algorithms. Several examples and a numerical implementation in two di-
mensions are presented.
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1 Introduction

The classical sampling theorem permits reconstruction of a bandlimited function
from its values on a set of equidistant points on the real line, IR [11, 14]. It is
readily generalized to higher dimensions with the sampling set being a coset
(shifted copy) of a lattice. Periodic sampling, introduced by Kohlenberg [9],
is a further extension and considers sampling sets which are unions of cosets
of a single lattice; see, e.g., [3, 5, 10, 15, 16]. Such sets are periodic in the
sense of being invariant with regard to translations by an element of the lattice.
In this paper we continue work begun in [1, 12, 13] and present an approach
for finding sampling theorems for sampling sets which are unions of cosets of
possibly different lattices. Such sampling sets are not necessarily periodic.

The basic ideas underlying the approach presented here are as follows. As-
sume that the Fourier transform f of a function f vanishes outside a certain set,
K. We call K the bandregion of f. Assume K has the form K = Ky U K; with
Ky, K disjoint and that we have sampling sets, My and Mj, such that func-
tions whose Fourier transform vanishes outside K; can be reconstructed from
their samples on M;, i = 0, 1, respectively. We seek decompositions of the form

f(z) = fo(z) + P(z) f1(z) (1)

where P(z) is a known function vanishing everywhere on M, but vanishing
nowhere on My, and ﬁ), J/"\l are known to vanish outside Ky and K7, respectively.
Such a decomposition can be used in the following way to reconstruct f from its
samples on MyU M. Since P(z) vanishes on My, f(z) = fo(z) on My, and so fo
can be reconstructed from the samples of f on Mj. Since P(z) # 0 on M, we
have f1(z) = (f(x) — fo(z)) /P(z) for x € M;. Hence, we can find the samples
of fi on M; and use these to reconstruct f; everywhere. Then the function f
itself can be found from (1).

In the present paper this approach will be applied in two different ways.
The first arises from choosing My = zg + H, with H, a lattice, and Ky C R,
with, R a fundamental domain of the reciprocal lattice, H'. In this case K
needs to satisfy the compatibility conditions K1 —n' C K = KoUKy, and K; C
U;V:EI (jn + R) for some non-zero element 7’ of H and some positive integer,
N. Here j1' is defined inductively by letting 0n' = 0 and jn' = (j — 1)’ + 7' for
positive integers j. It will always be assumed that the jn' are distinct elements
of H- for j=0,...,N — 1.

This generalizes the situation considered in [1] where more restrictive condi-
tions were needed. It was shown in [1] how to apply this decomposition recur-
sively to more complicated sets and we show that the recursive reconstruction
algorithm carries over to the generalization presented here.

In the second application a decomposition for the case of a set K of the form
K = KyUK; with Ky = U;”:_II(R—i—nj), and K| C R is given, where 0 # n; € H+
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and R is again a fundamental domain of H+. Here the non-zero elements n;
need not be multiples of one element. The idea is to first use periodic sampling
with My being a union of m cosets of the lattice H to “strip off” the part K
and then to choose M; to be a coset of a possibly different lattice in order to
deal with Kj.

The paper is organized as follows. In the next section we review some stan-
dard definitions and facts from Fourier analysis. We use a general notation,
which encompasses a wide range of settings. In §3 we prove the two basic de-
compositions and then show examples and applications in §4. Besides extending
the range of applicability of the recursive reconstruction algorithm of [1], we
present a two-dimensional example for finding sampling sets of minimum den-
sity when the bandregion K is a rectangle with two tabs (Example 4.4), and
obtain a complete answer for sampling functions of one variable when K is an
interval (Example 4.6 combined with Algorithm 4.8). The final section is de-
voted to a numerical implementation of Algorithm 4.8 in two dimensions using

MATLAB.

2 Standard definitions and facts

The Fourier transform is defined in many different settings and we will use a
general notation which applies to a large number of these settings. Let Z,IR
denote the integers and real numbers, respectively. Let G be the domain of the
function f. For example, G could be IR or IR". If f is a periodic function of n
variables we can choose G = [0,1)" = T", where we use the interval [0,1) with
addition modulo 1 as a model for the circle group T. If f is a function of a
discrete variable, then G = Z, or in the case of the discrete Fourier transform
we have G = Zp, that is G = {0,...,L — 1} with addition modulo L. In
the general case G is a locally compact abelian group [2, 3, 8]. For each of
these domains integration is defined using a translation invariant measure, mg,
the so-called Haar measure on (G, which is unique up to normalization by a
multiplicative constant. L,(G) denotes the space of all functions on G such that

p . ¢ .
17 1= (Jos | (@)l dm ()" is finite.
The Fourier transform of a function f € Li(G) is the continuous function f
defined by

ﬂazéfma%MQMmm, 2)

~

where £ is an element of the corresponding Fourier space G. Some examples
of the measures and meaning of (z,§) for different G are given in the following
table, where dz denotes the Lebesgue measure on IR".
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G | G| [;[f(@)dmg(x) (z,&), r€eq, €@
R | R Ji f (@) dz z€, z,§ €R
R™ | R" f]Rn f(x) dz E?:l xifi, :E,f e R"”

T | Z ) f(z)dz zk, zel0,1), keZ
Z | T | >ugf0) It IcZ te,1)

Examples of the measures and meaning of (z, ) for different G.

Throughout this paper we will assume that the measure mg is given and
then normalize the Haar measure on G such that the Fourier inversion formula
holds in the form (3) given below.

Theorem 2.1. (Fourier inversion formula) If f € Li(G) is continuous and
f € Li(Q), then

~

ﬂwzéﬂOW“@M@@=UVPm (3)

The Fourier transform can be extended to a linear isomorphism of Ly(G)

~

onto Ly(G) by means of the Plancherel Theorem (cf. [6, Sec. 31.18]).
Definition 2.2.

1. Let H be a closed subgroup of G. The annihilator of H is the closed
subgroup H* of G given by

H+={neG: ™" =1 for ally € H}.

2. A closed discrete subgroup H of G such that H+ is also discrete is called
a lattice. H' is sometimes called the reciprocal lattice.

3. A measurable subset R ofé\ such that every £ € G can be uniquely written
as € = p+n, where p € R and n € H* is called a fundamental domain of

H*L.
4. For H, a lattice, and R, a fundamental domain of H, we define a function
wr:G— C by
onle) = s [ T dmg (), e, @
m@(R) R ¢
where
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Remark 2.3. Let xy denote the indicator function of a set V that is xy(z) =1
if € V and xv(x) = 0 otherwise. Note that () implies that

1
me(R)
Furthermore, it was shown in [8] that ¢gr is continuous on G and satisfies

er(0) =1, pr(y) =0 for 0 #y € H, || ¢r |l2= 1/4/m as well as

the orthogonality relation [, pr(x z) pr(z —y) dmg(z) =0 for 0 7é y € H.

Note also that, in the case of G = @, the real line and R, an interval we
obtain the familiar sinus cardz'nalis With G =R, H = 1 34, H' = 2bZ, and
R = [~b,b), we have mg(R f dr = 2b, and pr(z) = 5 f 2Tt ¢ =

sm(7rt)
mt

Pr(E) = Xr(£)- (5)

sinc(2bx), where sinc(t) =
The classical sampling theorem now reads as follows [8].

Theorem 2.4. Let H be a lattice and R a fundamental domain of H*L. Suppose
f € Lo(G) and f(&) =0 for almost all ¢ ¢ R. Then f is equal almost everywhere
to a continuous function. If f itself is continuous, then

=" fWer(z—y) (6)

yeH

uniformly on G and in the sense of convergence in Lo(G). Furthermore, the
Lo-norm of f is given by

I £ 113= Z |/ (y

We would like to apply the formula (6) to functions whose Fourier transform
is supported in a set, K, larger than R. The following corollary to the classical
sampling theorem deals with this case.

Corollary 2.5. Let H be a lattice and R a fundamental domain of H-. Let
f € La(G) be continuous and f(§) = 0 a.e. outside a measurable subset K of
G. Assume that there is P < oo such that K C U 1(n; + R) with m,...,np

distinct elements of H-. Let M = xo + H be a coset of H. Then the function
Sn f defined by

Suf(x) = flao+y) er(z —z0 —y) (7)

yeH

is continuous and square integrable on G and satisfies Syrf(z) = f(z) for all
z € M.

For a proof of this corollary see [1].
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3 Two decompositions

As stated in the introduction, our first decomposition applies to sets K of the
form K = KoUK, with Ky C R, K1 —n' C K, and K; C UX'(jn' + R) for
some non-zero element, 7', of H and some positive integer N. As before, H is a.
lattice, R a fundamental domain of H', and jn' is defined inductively by letting
0n' =0 and jn' = (j — 1)n' + ' for positive integers j. We will always assume
that the jn’ are distinct elements of H' for j = 0,...,N — 1. In particular
these conditions imply that Ky and K, are disjoint. To fix ideas let us consider
a simple example.

Example 3.1. Let G=IR =G, H=Z =H*, R=[0,1), and K =[0,3). We
decompose K as K = Ky U Ky with Ky = [0,1) and K; = [1,3). With ' =1
we see that Ky satisfies the conditions K1 —n' = K3 — 1 = [0,2) C K, and
K1 C[1,2)U[2,3) = Ui (0 + R).

We now give an equivalent statement of the structure of the set K, describing
it in terms of the sets K; = K N (jn' + R). Consider the conditions

N-1
K= U K ; with f(j measurable such that

=0
KoCRand K; CKj 1 +n forj=1,...,N—1, (8)
gn’ distinct for j =0,...,N — 1.

Letting Ky = I~(0 and K| = U;V:? f(j, one verifies that this is equivalent to the
original conditions given in the first paragraph of this section. Note that the
conditions (8) imply that K; C R+ 57/, and that the K; are mutually disjoint
since the jn' are distinct elements of H*.

Theorem 3.2. Let H be a lattice, R a fundamental domain of H-,0#1n € HL,
and K C G such that the conditions (8) hold. Assume that f € Lo(G) is
continuous and that f vanishes a.e. outside K. Then

f(@) = folw) + (72 ~1) fi () 9)

with fo, fi € L2(G) continuous, ﬁ)(é’) vanishing outside Ky = Ko, and ﬁ(é’)

vanishing outside K, = U;\;l K;.

Proof. If N = 1, then (9) holds trivially with fo = f and f; vanishing
everywhere. Assume in the following that N > 1. We define fy and f; on the
Fourier transform side as follows:

~o =N e v k), foré€K;, j=1,...,N—1
R ={ 2= Ko (10)
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For ¢ € Ky let R R
fol&) = f(&) — A +n"),

and let ﬁ)(f ) = 0 otherwise.
We now establish (9) on the Fourier transform side by showing that

£(&) = fol&) + i +1) — Fi(€). (11)

First consider the case £ € K. Then f({) = ﬁ)(f) = ﬁ(f) =0. Since £+ 17 ¢
K + 7' and by (8)

N-1 ~ N-2 ~ N-2 ~
K+n=JEK+72JKj+v2J Kj+1=kKy,
j=0 =0 =0

we have that § + 7' ¢ K so that f1 (€ +n') also vanishes and (11) holds.

If¢ e Ko, then fl(f) = 0 and (11) holds by definition of fo Ifé& € Ky,
then & + n ¢ K, since the gn' are distinct elements. Hence, f1 (€ + 77) 0,
fg(f) =0, and fl(f) = f({) by (10), so that (11) holds. Finally, if £ € K for
j=1,...,N — 2, then fg(é’) = 0 and (8) implies that either £ + 7' € K;4; or
E+n ¢K. IfE+1 € Kj+1, then (10) gives

R N—-1-(j+1) N—-1-j . .
fE+n) =- FE+n +kn)y == > fe+k) =16+ F&),

k=0 k=1

which is what is needed. If £ + 7' ¢ K, then it follows from the condition
K; Cn/+Kj | that E+kny € K fork=1,...,N—1—7, s0 that f1(£) = —f(£).
Since in this case both fo(¢) and fi(¢ +7') vanish, (11) holds. O

Our second decomposition applies to bandregions of the form K = Ky U K;
with Ky = UT;II(R—F n;), K1 C R, and n; distinct non-zero elements of H-. In
particular, the n; need not be multiples of one element as was the case with the
g0’ in our first decomposition.

Theorem 3.3. Let H be a lattice, R a fundamental domain of H-, K = KyUK;
with Ky = UT;II(R +15), Ki € R, ni,...,0m—1 distinct non-zero elements of
H', and

P(z) =1+ Z c; eXrieni), (12)

If f € Ly(G) is continuous and f vanishes a.e. outside K, then

f(@) = fo(z) + P(z) f1(z) (13)

with f; € Lo(G) continuous, and supp(fi) CK;,i=0,1.
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Proof. Let fi be given on the Fourier transform side by fl( ) = xx, (&) f ().
Recall that xg, denotes the indicator function of K. Let g(z) = fo(z) +

P(z)fi(x). Then
m—1
3(6) = fol&) + F1(&) + D ¢ifu(€ —my).
j=1

The third term is supported in U;n:_ll (K1+n;) C U;n:_ll (R+n;) = K. Therefore,
define

m—1
fo®& =F©) = eifile—my), ¢e U (R+n;),
Jj=1 j=1

and ﬁ)(é’ ) = 0 otherwise. Then § = f and fy, f1 have the desired properties. [

4 Examples and applications.

We begin with an application of our second decomposition. In order to apply
Theorem 3.3 to the construction of sampling theorems, we let My be a periodic
sampling set, that is My = |J' 1(acn—I—H) with the z,, chosen such that functions
whose Fourier transform is supported in Ky can be reconstructed from their
samples on My according to the method given in [3]. We further assume that
the ¢; in (12) can be chosen such that

P(zp,)=0, n=1,...,m—1. (14)

Since it follows from (12) that P is constant on cosets of H, the equations
(14) imply that P(z) vanishes on My. Hence, f(z) = fo(z) on My, so that f
can be found from samples of f on My. Let M; be a sampling set permitting
reconstruction of functions whose Fourier transform vanishes outside K. If in
addition P(z) # 0 on M, then for z € My, fi(z) = (f(z) — fo(z)) /P(x).
Hence, we can find the samples of f; on M; and use these to reconstruct f;
everywhere. Then the function f itself can be found from (13).

Example 4.1. In Theorem 3.3 let m = 3 and ne = —n1, so that the bandregion
K has the form

=(R-m)UK U(R+m), KiCR, meH" n#-n.
According to (12) P(x) has the form
P(x) =14¢ eZﬂi(z,m) + ¢ 67271'1'(:1;,771)’

and the equations (14) yield

P(z) = (1 n 627ri($17$2,7]1>>71 (1 _ 6727ri(:1;7$1,m)> (1 _ e27ri(:1:7$2,7]1>> 7
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provided that x1,x2 are chosen such that
1 4 e?mi@er—azm) o . (15)

To be specific, let us consider G = R, 0 < a < b, H = QLbZ, H: = 207,
R =[-b,b), K| = [—a,a), and ;. = 2b. Then K = [-3b,—b) U [—a,a) U [b, 3D).
Ifa < b, then K is the interval [—3b, 3b) with two gaps at [—b, —a) and [a,b). The
classical sampling theorem would require sampling with a set at least as dense as
the lattice %Z, which is suboptimal. Our goal is to sample with o set My U M,
of minimal density by letting My = Uizl(xn +H) and M, = 23+ H, with H =
ﬁz. The condition (15) now requires that e?™(@1—%2m) — 2mi(v1—22)2b £ _ 7
i.e., 4b(x1 — x2) may not be an odd integer. However, the property that My is
a suitable sampling set for functions with bandregion Ky = [—3b,—b) U [b, 3b)
requires according to [3, Theorem 3.5] the sharper condition 4b(zy — z2) ¢ Z.
Once we have found fy in this way, we need to find x3 such that P(x) # 0 for
all © € z3 + H. This gives the additional requirement

20(x3 —x;) + nbla € Z, foralln€Z, i=1,2.

We now show that our first decomposition, Theorem 3.2, leads to a larger
range of validity of the theory and algorithms developed in [1]. The key is to
use Corollary 4.2 below in place of [1, Lemma 2].

Corollary 4.2. Let H be a lattice and R a fundamental domain of H-. Let
K = Ky U (7 + K') with Ky, K' measurable sets such that Ky C R, K' C
K, K' C U;-V:_OQ(jn’ + R), and 0 # 1 € H* such that jn' are distinct elements
of H- for § =0,...,N — 1. Assume that f € Ly(G) is continuous, vanishes on
the coset To + H, and that f vanishes a.e. outside K. Then

f(@) = h(z) (1= emita=so)) (16)

with h € Ly(G) continuous and h vanishing a.e. outside K'.

Proof: We first show that K satisfies the hypothesis of Theorem 3.2. It follows
immediately from the hypothesis that

K = KoU(y+ K

N-2 N-1
RU (7' + U(jn'+R)) = J G +R).

N

=0

Therefore, K = JX ' K; with K; = K N (jn’
Since K' C K, we have K' N (jn' + R
j=1,...,N —1 we have Ko N (jn' + R) =

R),j=0,...,N—1.

— 3

0
Kj=( + KN (' +R) =7+ (K'0[(j - U0’ +R]) Cof + K;1.
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Hence, K has the structure (8) required in Theorem 3.2. Furthermore, the
relations

=

0+ K = (17)

M

C J77 +R) (18)

HCH HC

hold. Since the jn’, j = 0,..., N — 1 are distinct, (18) implies that RN (n' +
K') =0, so that Ky = K N R = Ky. Applying Theorem 3.2 to the function
g(z) = f(x + zp) now yields

9(@) = go(@) + (7T ~1) g1 (a) (19)

with gy vanishing outside K and g; vanishing outside K; = U;V;ll Kj=n+K',
cf. (17).

For © € H equation (19) gives that g(z) = go(z). Since by hypothesis
g vanishes on H, gy must vanish identically by the classical sampling theorem
(Theorem 2.4). Now let h(z) = e~ 27{@=20.1) g, (£ — ). With f(z) = g(z—x0) it
now follows that equation (16) holds and we see that h(€) = e 27z g (¢ + 1)
vanishes outside

N-1
Ki—n=(JEK)-n=0+K)-n=K. O
j=1
Next, Corollary 4.2 can be used in the following way to reduce the problem
of reconstructing f to the problem of reconstructing h.

Theorem 4.3. Let H be a lattice and R a fundamental domain of H-. Let
K = KyU(n'+K') with Ky, K' measurable sets such that Ko C R, K' C K, K' C
U;-V:f(jn' +R), and 0 #n' € H* such that jn' are distinct elements of H for
j=0,....,N —1. Assume that f € Ly(G) is continuous and that f vanishes
a.e. outside K. Let M' C G be such that continuous functions h € Lo(QG)
whose Fourier transform wvanishes a.e. outside K' can be reconstructed from
their samples h(z'), 2/ € M'. Let xy be such that

o212 —zo,1) #1 for all 2/ € M'. (20)

Then [ can be reconstructed from its samples f(z), z € M U M', where M =
o + H.

Proof: Note that K = KoU (K'+17') C RU (U] "G + R) + 1) =
U;-v:_ol (jn'+R) where jn' are distinct elements of H+ for 5 = 0,..., N —1. Hence,
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Corollary 2.5 applies to f. It follows that the function g(z) = f(z) — Sm f(z)
is continuous, square integrable, and vanishes on M. It follows from (7) and

(5) that the Fourier transform S/M\f (&) vanishes for a.e. ¢ outside R. Hence,
Corollary 4.2 can be applied to g, yielding a continuous function h(z) € Lo(G)
with A vanishing a.e. outside K’ such that

f(2) = Sarf (2) + h(z) (1 = e2rile=a)). (21)

2mi(z'~wo.m') £ 1 for 2/ € M', we can compute the sampled values

f(Z) = Suf(2)

1 — e2mi(2' —mo, ')’

Since e

h(z') = 7 e M. (22)

By hypothesis, h(z), x € G, can be computed from these samples. Then f(z) is
given by (21). O

As a first illustration we apply the theorem to sampling on G = IR? when the
support of the Fourier transform is a rectangle with two unequal tabs attached.

Example 4.4. Let 0 < r; < 19 and let p = r1 + ro. Consider the set K C IR?
defined by

K =[-ro,m)2U[—p,—p +71] x [=r1,71]U[p — 71, p + 2ra] X [—r1,71].

Thus, K 1is a square of side length 2ro with two unequal “tabs” on each side;
see Fig. 2. On the left, we have o rectangle with dimension r1 X 2ry and on the
right a rectangle with dimension (2ro + 1) x 2r;. K may be partitioned into
two subsets so that the theorem applies. Let H = %22 so that H- = 2r,Z*
and let ' = (2r2,0). Note that a natural choice for a fundamental domain of
H* would be Ry = [—ry,12)%. However, we consider a different choice for R,
which is obtained by cutting the rectangle [ro — ri,72] X [—71,71] from the right
side of Ry and shifting it to the left by the amount 2rqe, obtaining the rectangle
[—p, —r2] X [=71,71]. This gives

R = [—p,—ra] x [=r1,r1] U ([=re, ro]*\ ([re — ri, 7] X [=r1i,m])) 5 (23)
see Fig. 1. In the notation of Theorem 4.3 this set would be Ky. Let
K'=[=p,p] x [=r1,71].

Then K' C RU (1 + R) (see Fig. 1) and K = Ko U (9 + K'); see Fig. 2. Note
that, while K satisfies the hypothesis of Corollary 4.2 with N = 3, it is not an
admissible subset of@ as defined in [1, Def. 2] because clearly K' € R. Now let
M =29+ H and M' = 21 + H', where

H' = {(n/(2r + 2r2),m/(2r1)) : (n,m) € Z*}.
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) R
r1

KI
-P —r2 —r1 0 Lo T2 p

—T1
—T9

Figure 1: The fundamental domain R of (23) and the set K’ = [—p, p] x [-71,71].
With 7' = (2r2, 0) one has K’ C RU (/' + R).

Since K' is a fundamental domain of H'F, any continuous function with Fourier
transform supported in K' can be reconstructed from its samples on M'. Then a
function f with Fourier transform supported in K can be reconstructed from its
samples on M U M' provided that condition (20) is satisfied. If zo = (xo1, Zo2)
and 1 = (211, %12), then condition (20) requires that (.'qu—xm—l—mnm ¢Z
for allm € Z.

A recursive reconstruction algorithm can be defined if the set K has a certain
structure. The appropriate modification to [1, Definition 2] is in condition (i),
which had been K; C R 4.

Definition 4.5. Let Hy,..., Hy be lattices with corresponding fundamental do-
mains R; of HzJ- We call K C G an admissible subset of G with respect to
Hy,... ,Hy if there are subsets K1,..., Ky of G such that the following condi-
tions hold:

(i) K1 =Ry.

(i) Kj C Kjy1, and there is P; € IN such that K; C Ul 0 (ln]+1 + Rjt1),
wzth 0 # nj+1 € HH JaRE and Inj41 are distinct elements of H +1 forl =
0,...,P — 1.

(1) Kjp1 = Rjp1 U (01 + Kj) with njiq, as in (i),
(iv) Ky = K.

Observe that because of conditions (4) and (7ii) each intermediate set K44
has the structure of the set K in Corollary 4.2 with K = Kj 1, Ko = Rjy1,
K' = Kj, and ' = nj;1. The above conditions imply in particular that K; C
K, C ... C Ky but not necessarily K; C Rji1, j = 1,...,N — 1 as it was
required in [1]. The less restrictive condition that K; C Ullji(;2(l77j+1 + Rj1) is
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T2 R
1
77/ +KI
—p —Try —T1 0 L T2 P 2ro +p

Figure 2: K = KoU (' + K'), Ko = R, ' = (212, 0).

used instead. In addition Definition 4.5 does encompass certain cases of periodic
sampling where Hy = ... = Hy. We will give examples of both periodic and
nonperiodic sampling sets for the group G = Z X Zj, in the next section.

To illustrate the structure of the sets described in Definition 4.5, consider
the following example.

Example 4.6. Let G = G = R, and H; = ZL”Z for v = 1,2,3 where r1, 19,
and r3 are positive real numbers. Let p =11 + ro + r3, define K = [—p,p), and
let fundamental domains R; of H;- be given by R; = [—p,—p+21;), i = 1,2,3.
Thus, the R; form three nested intervals with the common left boundary —p and
length 2r; as shown in Figure 3.

Let n; € HlL be given by n; = 2r; for 1 = 2,3. Then Ki = Ry and Ky =
RyU (2 + K1) = [-p,—p+27r1 +27r2), and K = K3 = R3 U (3 + K») =
R3 U (773 + RQ) U (773 + 2+ Kl)- Hence,

K = R3U(np3+ K>)
[—p,—p+2r3)U (213 + [—p, —p+ 271 + 272))
[P, —p+ 271+ 272 +273))

= [=p:p)

as shown in Figure 4.

%3
—p Ry Ry Rs 0 T T2 T3
Figure 3: R; = [—p, —p + 271;),
_ AR 0 0
_ g J
—p Rs —p+2r;3 Ky +2r; P

Figure 4: K = R3 U (n3 + K2).
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Observe that this example falls under the theory developed in [1] only if
r1 < r9 and 71 + r9 < r3. Definition 4.5 does not require these restrictions. As
the example shows, there are in fact no restrictions in case of sampling on the
real line and K being an interval. Indeed, it follows from Definition 4.5 and the
theory developed below that for K = [—p, p) a sampling set can be obtained
from suitably shifted copies of H; = %”Z, 1t =1,...,N with r,...,ry such

that r; > 0 and ZZN:1 T > p.
Theorem 4.7. Suppose that K is an admissible subset of G with respect to the
lattices Hy,...,Hy, with Rj, Kj,n; as in Definition 4.5. Let M; = x; + Hj;,
j=1,...,N be such that if N > 1
j—1
2™ HE=TI) L1 for z € U Mg, j=2,...,N. (24)
k=1
Let f € La(G) be continuous and such that f vanishes a.e. outside K. Then

there are continuous functions, f; € La(G), such that fj vanishes outside Kj,
and for all z € G

filz) = Sm fil@),
f](x) — SM]f](x) = fj_1($) (1 — e%ri(a:—xjﬁj)) , ] — 2, . ,N,
fn(@) = [f(=2)

Using this recursion, the function f can be reconstructed from sampled values
N
f(Z), Z € Uk:l Mk-

Proof: The proofis by inductionon N. If N = 1, then K = K1 = Ry and f =
Sur, f by the classical sampling theorem. Hence, f can be reconstructed from its
samples on M;. Now assume N > 1 and that the theorem holds with N replaced
by N—1. Let fy = f and consider the function g(z) = fy(x)—Snmy fn(x). Since
K C Uﬁvo’l_l(lnN + Rn), by Corollary 2.5 ¢ is continuous, square-integrable,
and vanishes on Mpy. Since S/M:f vanishes outside Ry C K, ¢ vanishes a.e.
outside K. Since K = Ry U (ny + Ky_1) and Ky_1 C Uﬁvo’l_Q(lnN + Ry), we
can apply Corollary 4.2 to g, with Ky, K', z¢, and ' replaced by Ry, Kny_1, zn,
and 7y, respectively. Hence, there is a continuous, square-integrable function
fn—1 such that

9(z) = fn(z) — SMNfN({E) = fn_1(x) (1 — 6271—7:(517*IN:77N>) ,

and m vanishes a.e. outside Ky_;. Because of (24) the values

N-1
k=1

1 — e2mi(e—zN.nn)’
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can be computed. Now the hypothesis of the theorem is satisfied if f, K, and N
are replaced by fy_1, Kn_1, and N — 1, respectively. By induction hypothesis
the theorem holds in this case, yielding the functions f;, j = 1,...,N — 2, and
the reconstructed function fy_i(x) for all z € G. Now f is reconstructed via

fa) = (1= ey} fy (@) + Sy f (), @ €G. O
The theorem establishes the following recursive algorithm for reconstruction
of f from sampled values f(z), z € U;cvzl Mj:
Algorithm 4.8. :
IF N =1 THEN f(z) = Sm, f(x).

ELSE
Compute

9(2) = f(2) = Suxf2) o U M.

1 — e2mi(z—zN,mn)’

Invoke the algorithm to compute g(x), © € G from the computed values
N=1
g(z), Z € Uk:l Mk

f(z) = g(z) (1 — e2mile=anm)y 4+ Sy f(z), =z €G.
END

5 A Two-dimensional Numerical Implementation

In this section we implement Algorithm 4.8 for the group G = Zj, x Z, using
MATLAB.

Let G = Z;, x Zp, ie., G ={0,...,L —1} x {0,...,L — 1} with addition
modulo L. Then G = {n/L, p =0,...,.L — 1}y x {v/L, v =0,...,L — 1}
with addition modulo 1. Let m¢ be the counting measure. Then mg equals
1/L? times the counting measure, where according to our convention the nor-
malization constant 1/L? is determined by the Fourier inversion formula (3).
We consider lattices H that are tensor products of two subgroups of Zj, that is

H:H(hl,hg) :{hlm, sz,...,L/hl—l} X{hgn, nZO,...,L/hQ—l}

where 0 < hy,hy < L and hq, he divide L. The reciprocal lattice can be written
as

H(hlahQ)L:{:U‘/hla MZO,...,hl—l}X{V/hQ, VZO?"'ahQ_l}'
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A fundamental domain of H(hi,hg)" is given by
R = R(h1,h2) ={(p/L,v/L): p=0,...,L/h1 =1, v=0,...,L/hg—1}, (25)

with m@(R) = 1/(h1h2).

The MATLAB code given at the end of this section implements Algorithm 4.8
for this setting. The parameters are specified and explained in the driver routine
bf2d.m. This routine generates the function to be reconstructed by randomly
specifying its non-zero Fourier coefficients, cf. [4]. The function M-file spect.m
computes the support K of the Fourier transform of the function f according to
the formula

K=RyU(nN+ Ry 1)U ((ny-1+n08) + Ry 2)U...U((n2+ ... +nn) + R1)

which follows from Definition 4.5 provided the compatibility conditions are met.
This computation requires specification of the R; and n; by the user. In order to
keep the code simple, the assumption was made that all fundamental domains
are of the form given in (25), so that specifying hy and hs determines both
the lattice H and the fundamental domain, R of H*. Note however that the
price for this convenience is a loss of generality in the code, as our theory would
permit other choices for R, a feature that is sometimes advantageous, such as
in Example 4.4 above. Note also that, depending on the values of the R; and
7n;, the set K may or may not be a hypercube, may be connected, or have more
than one connected component. The recursive algorithm is implemented in the
function M-file bfmethod.m. The function M-file SM.m computes Sy;f by first
computing the Fourier transform S{M\f on R and then finding Sy, f by an inverse
Fourier transform. This computation is based on the following considerations.
It follows from (7) and (5) that

g 7 (5) —2mi(xo, —2miy,
Suf(€) = %e 2mi @yEZHf(woer)e 2mify.), (26)

Every y € H(h1,h2) can be written as y = ymn = (h1m, hen) for some m €
{0,...,L/hy — 1}, n € {0,...,L/hy — 1}. Let fmn = f(z0 + Ymn). Then, for
§=&uw =(/L,v/L) € R, R as in (25), we have

R = 3 flan by eieie
ycH
L/hi—1 L/hy—1

_ f 6727ri(h1m,u+h2m/)/L
= 5 § mn
m=0 n=0

which is just the two-dimensional Discrete Fourier Transform (DFT) of the array
fmn with size L/hy x L/hg. On the other hand we see from (26) that

F/w _ m@(R) e271'7;<£130,§u,11> S/]\B(&w)
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Hence, extending the array F),, by zero-padding to size L x L, taking an Inverse
DFT of size L x L, and dividing by mz(R) gives Sy f(wo + x) for x € G.
Reversing the shift by zy completes the task.

Example 5.1. Our first numerical experiment involves three different subgroups
of G =425 x Z1, with L =512: Hy = H(8,8), Hy = H(4,8), and H3 = H(4,4).
According to (25) we have

Ry = {p/512, p=0,...,63}2,
Ry = {u/512: pn=0,...,127} x {v/512:v =0,...,63},
Ry = {p/512:p=0,...,127}%

Let ny = (0,64)/512 and n3 = (384,0)/512. Then
K =R3U(n3 + R) U (n2 +m3 + K1)

is the union of the two contiguous sets, R3 and (n3+ R2)U(n2+ns+Ry), depicted
in Figure 5. The shifts x; = (xj1,x;2) need to satisfy the conditions (24) with
N = 3. For the present example these conditions read as follows. For j = 2 we
obtain the condition

627ri(z—$2,772> 7& 1 for z€M, =z + H;.

Since Hy = H(8,8), we have z = 2z, = (z11 + 8m,z12 + 8n). With 1y =
(0,64)/512 we obtain the condition

64 (r12 — w92 +8n) € B12Z for n=0,...,63,

which is equivalent to (x12 — T22) not being a multiple of 8. For j = 3 we have
the conditions

2™ HEmmam) £ for z € My UMy = (21 + Hy) U (z2 4+ Hy), 13 = (384, 0)/512.
For z € M, this yields
384 (r11 — w31 +8m) € 512Z  for m =0,...,63,
which is equivalent to x11 —x31 not being a multiple of 4. For z € Mo one obtains
384 (z9y — x31 +4m) € 512Z,; for m=0,...,127,

which yields that xo1 — x31 should not be a multiple of 4. Hence, we see that the
shifts can, for example, be chosen as 1 = (1,1), zo = (1,0), and z3 = (0,1).
The driver program bf2d.m given below contains the parameters for this example.
Running the program demonstrates that the function f is recovered accurately.
The relative errors in our numerical tests varied with the random signal, but
stayed below 3 - 10713,
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Figure 5: K = Rz U (g3 + R2) U ((m2 +m3) + R1). L = 512, Ry = R(8,8),
Ry = R(4,8), Ry = R(4,4), cf. (25). n2 = (0,64)/L, n3 = (384,0)/L. K
contains 28,672 elements.

In our final experiment we consider a case of periodic sampling covered by
Theorem 4.7, namely when K has the form U;-V;Ol (jn + R).

Example 5.2. Let L = 512, N = 4, H1 = H2 = H3 = H4 = H(32,8),
R = R(32,8) as in (25), and n; = (j — 1)n, j = 2,3,4 with n = (16,64)/512 €
H(32,8)%. Hence, K = U?;o(jn + R) is the union of the four contiguous sets
depicted in Figure 6.

Again the shifts x; = (z;1,%j2) must be chosen such that the sampling condi-
tions (24) are satisfied. Since the sampling set consists of four cosets of a single
lattice, H, and n = nqg = n3 = no = (16/L,64/L), the sampling conditions (24)
are reduced to

2Tk —2im) £ 1 for §=2,3,4 and k=1,---,§ — 1. (27)

Conditions (27) are equivalent to (xy1 —xj1) +4(zk2—xj2) not being a multiple of
32 forj=2,3,4andk =1,---,j— 1. For ezample, one could chose z; = (0,0),
xo = (1,1), 3 = (2,2), and x4 = (3,3). In order to run this example with the
code given below, the parameters in the routine bf2d.m should be set as follows.

L=512; h1=[32 32 32 32]; h2=[8 8 8 8]; x1=[0 1 2 3]; x2=[0 1 2 3];
etal=[0 16 16 16]/L; eta2=[0 64 64 64]/L;

Finally, note that our sampling theory does of course permit the bandregion
K to be a hypercube. For example, if in the example above we choose n4y = n3 =
n2 = (16/L,0/L), we obtain a square region of size 64 x 64 for K.

We conclude this section by giving the MATLAB source code for this two-
dimensional implementation on G = Z; x Zj,.
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0 50 100 150 200 250 300 350 400 450 500
nz = 4096

Figure 6: K = RU(ns+ R) U ((n3+n4) + R)U ((n2+ 13 +n4) + R). R = R(32,8)
as in (25), n; =n = (16, 64)/512. K contains 4,096 elements.

% bf2d.m : Driver for nonperiodic/periodic sampling

% on the group G = Z_L X z_.L = {0, ..., L-1} X {0, ..., L-1}

% with addition modulo L.

% Explanation of variables:

% L = number elements in Z_L

% The k-th lattice H_k is H(h1l(k),h2(k))

% with hl and h2 as described below

% hl: vector where hi(k) is the divisor of L which generates

% the points in the horizontal direction with the form <h1l(k)>,
% i.e., <h1(k)> = {0,h1(k),2h1(k),...,L-h1(k)}

% h2: vector where h2(k) is the divisor of L which generates the
% points in the vertical direction with the form <h2(k)>, i.e.,
% <h2(k)> = {0,h2(k),2h2(k),...,L-h2(k)}

% x1: vector with shifts in the horizontal direction.

h x2: vector with shifts in the vertical direction.

% etal: etal(k) = first component of eta_k. etal(k) = \eta_{k1l}
% eta2: eta2(k) = second component of eta_k

%Input parameters:

#Experiment 1

L=512; % Length of Z_L

h1=[8 4 4]; % Specify horizontal direction of the subgroups
h2=[8 8 4]; % Specify vertical direction of the subgroups
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x1=[1 1 0]; % Specify first component of shifts.
% Need x1(k) in {0,...,h1(k)-1}
x2=[1 0 1]; % Specify second component of shifts;

% Need x2(k) in {0,...,h2(k)-1}
etal=[0 O 384]1/L; % Specify first components of eta_k.
eta2=[0 64 0]/L; 7% Specify second components of eta_k.
% NOTE: The values of etal(l) and eta2(l) are
% not used by the code but must be specified.
% End of input section

N = max(size(hl)); % Number of subgroups

% Randomly generate signal to be sampled and reconstructed

fhat=complex(rand(L,L) ,rand(L,L)); % Random Fourier coefficients
filt = spect(L,hl,h2,N,etal,eta2); % The bandregion K

spy (filt.’,’k’); axis xy; % Plot bandregion K
fhat=fhat.*filt; % Set frequencies

% outside of K to zero

fexact=ifft2(fhat);

fexact=fexact/norm(fexact) ; % Normalize signal

% Compute sampled values

f = zeros(L,L);

for k=1:N

Hx1=x1(k)+[0:h1 (k) :L-h1(k)];

% Hx1l = First components of points in coset M_k = x_k + H_k.
Hx2=x2(k)+[0:h2(k) :L-h2(k)];

% Hx2 = Second components of points in coset M_k = x_k + H_k.
f(1+Hx1,1+Hx2) = fexact(1+Hxl,1+Hx2);’, Sampled values on M_k
end

% Reconstruct signal
F = bfmethod(f,L,h1,h2,etal,eta2,x1,x2);

%Compute the 12 relative reconstruction error
relerr = norm(fexact - F) %Note that norm(fexact)=1.

function filt = spect(L,hl,h2,N,etal,eta2)

% Computes the spectrum according to Definition 4.3.

% Parameters need to satisfy the conditions of Definition 4.3
M = max(size(etal));
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ETA1=0;

ETA2=0;

filt=zeros(L,L);

for m=N:-1:1
v=mod ( (L*ETA1)+(0:L/h1(m)-1),L);
w=mod ( (L*ETA2)+(0:L/h2(m)-1) ,L);
filt(v+1l,w+l)=1;

ETA1
ETA2

ETA1 + etal(m);
ETA2 + eta2(m);

end

function F=bfmethod(f,L,h1,h2,etal,eta2,x1,x2)

N = max(size(hl));

Hx1l = x1(N)+[0:h1(N) :L-h1(N)]; % Coset M_N = Hxl x Hx2

Hx2 = x2(N)+[0:h2(N) :L-h2(N)1];

fH = f(1+Hx1,1+Hx2); % Sampled values on coset M_N

SMf = SM(fH,L,h1(N),h2(N),x1(N),x2(N));
V=([0:L-1]-x1(N));

W=([0:L-1]1-x2(N\));

TMP1 = zeros(L,L);

TMP = zeros(L,L);

if N==
F = SMf;
else
for k = 1:L
for m = 1:L
tmp = 1-exp(2xpi*ix[V(k)*etal(N)+W(m)*eta2(N)]1);
tmpl = tmp;
% Avoid zero divisions
tmpl(find (abs(tmpl < 1.e-14)))=1;
TMP (k,m) = tmp;
TMP1(k,m) = tmpl;
end
end

f1 = (f - SMf)./TMP1;

fN1 = bfmethod(f1,L,h1(1:N-1),h2(1:N-1),etal(1:N-1),
eta2(1:N-1), x1(1:N-1),x2(1:N-1));

F = £fN1.*TMP + SMf;

317
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end

function S = SM(f,L,h1,h2,x1,x2)

%Computes S_Mf(z) for z in G

%% = {0,1,...,L-1} X {0,1,...,L-1} with addition mod L

YH = {0,h1,2h1,...,L-h1} X {0,h2,2h2,...,L-h2}

»f = row vector of length L/hl X L/h2, with sampled

% values on x+H where x=(x1,x2).

% x = shift. Need x1 in {0,...,h1-1} and x2 in {0,...,h2-1}

chi = zeros(L,L);
chi(1:L/h1,1:L/h2) = ££ft2(f);
S = hi*h2*ifft2(chi);
if x1 > 0
tmp = S(L-x1+1:L,1:L);
S(x1+1:L,1:L)=S(1:L-x1,1:L);
S(1:x1,1:L) = tmp;
end
if x2 > 0
tmp = S(:,L-x2+1:L);
S(:,x2+1:L) = S(:,1:L-x2);
S(:,1:x2) = tmp;
end
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